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EXAMPLES OE MODERATE DEVIATION PRINCIPLE FOR 
DIFFUSION PROCESSES 

A. GUILLIN AND R. LIPTSER 


Abstract. Taking into account some likeness of moderate deviations (MD) 
and central limit theorems (CLT), we develop an approach, which made a good 
showing in CLT, for MD analysis of a family 
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St = — 


1 f 

- / H{Xs)ds, t- 
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for an ergodic diffusion process Xt under 0.5 < k, < 1 and appropriate H. We 
mean a decomposition with “corrector”: 




1 


is = corrector + — Mt 

martingale 

and show that, as in the CLT analysis, the corrector is negligible but in the MD 
scale, and the main contribution in the MD brings the family t —^ oo.” 

Starting from Bayer and Freidlin, |2], and finishing by Wu’s papers 
in the MD study Laplace’s transform dominates. In the paper, we replace 
the Laplace technique by one, admitting to give the conditions, providing the 
MD, in terms of “drift-diffusion” parameters and H. However, a verification 
of these conditions heavily depends on a specificity of a diffusion model. That 
is why the paper is named “Examples ...”. 


1. Introduction 

In this paper, we study the moderate deviation principle (in short: MDP) for a 
family « G (5, l): 

^ j\{Xs)ds, 

where X = {Xt)t>o is an ergodic diffusion process {Xt G d> 1) (with the unique 
invariant measure ^i{dz), obeying the density p(z) relative to Lebesgue measure over 


The function H : 
zero barycenter 


is assumed to be integrable relative to ^{dz) and has 


f H{z)p{z)dz = 0. 

JR** 


( 1 . 1 ) 


We restrict ourselves by consideration of the strong (unique) solution of Ito’s equa¬ 
tion 

dXt = b{Xt)dt + aiXt)dWt (1.2) 

generated by a standard vector-valued Wiener process W = (ITt)t>o and subject 
to a fixed initial point, Xq = x. We also include into the consideration a linear 
version of 11.211 (here A, B are matrices): 

dXt = AXtdt + BdWt (1.3) 
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being popular in engineering. 

In a nonlinear case, we use Veretennikov - Khasminskii’s condition (see, d and 
[2H!): for some positive numbers r, C and a, (here ((•)) denotes the inner product) 

((z,6(z)))<-r||^r+“, \\z\\>C 

and assume that the diffusion matrix a(x) = acr*{x) is nonsingular and bounded. 
In a linear case, proper assumptions are given in terms of the pair (A, B): 

1) eigenvalues of A have negative real parts; 

2) {A, B) satisfies Kalman’s controllability condition from 
i.e. a singularity of a{x) = BB* is permissible. 

For the MDP analysis, we apply well known method employed for the central limit 
theorem (in short CLT) proof of a family 



(see, e.g. Papanicolaou, Stroock and Varadhan m, Ethisr cLnd Kurtz ^^5 Blicit" 
tacharya P), Pardoux and Veretennikov m,m and citations therein, see also Ch. 
9, §3 in m) based on a decomposition with corrector: 


1 

71 


H{Xs)ds 


j= [t/(a;)-t/(V«)] +j= ^ , 

corrector martingale 


where 


U{x)= r [ Hiy)Pi^Hdy)dt, 
Jq 


is the transition probability kernel of X, and Mt is a continuous martingale 
with the variation process {M)t. In the above mentioned papers, the corrector is 
negligible in a sense 


^^[Uix)-UiXt)] 


prob. 

-^ 0 

t —>-oo 


and the main contribution to a limit distribution brings -^Mt- It is well known 
(see, e.g. Ch. 5 in M) the following implication: with nonnegative definite matrix 


]iM), 


prob. 




e 




V A € 


where 

Q = r [ [{P7H)H*{z) + {P^*'>HrH{z)]p{z)dzdt, 

Jo JR'i 

Summarizing these remarks, we may claim that the CLT holds provided that 
U (x) and Q exist and for any e > 0 


lim P(\U{x) — U{Xt)\ > Vis) = 0 

i—»oo ' ' 

lim P{\{M)t — tQ\ > ts) = 0. 

t—*-00 ^ ' 


We develop the same method for MDP analysis. Replacing ^ by we keep 
the CLT framework with the same U{x), Mt and Q, i.e., 

J [) H(X.)d, = ^ 

corrector martingale 

and claim that fTheorem l2.1ll the MDP holds, with the rate of speed 

1 


oit) = 


^2k-1 
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provided that U(x) and Q exist and for any e > 0 

lim Q{t) logP(|?7(a;) — U{Xt)\ > f^e) = —oo 

i—*-oo ^ ^ 

lim Q{t) logP(|(M)t — tQ\ > te) = —oo. 


(1.4) 


A choice of g{t) is imposed by As in the CLT proof, the corrector negligibility is 
required but exponentially fast with the rate of speed g{t). The main contribution 
in the MDP brings the family 

Most probably, Dembo, |S1, was one of the first who introduced a condition of 
(II .411 (second) type. We found in Puhalskii, 1211 (Theorem 2.3) and | 221 , that, 
in our setting with nonsingular (!) matrix Q, dl) provides MDP for the family 
with the rate of speed g{t) and the rate function 

We prove in Theorem o that the same statement remains valid for a singular Q 
too with the rate function 


J{Y) 


i||r||^e, Y = QQ®Y, 
oo, otherwise. 


where Q® is the Moore-Penrose pseudoinverse matrix (see, Albert, PP). 

It would be noted that seeming simplicity of dl) is delusive with the exception 
of the eigenvalue gap case (in short EG, see Gong and Wu, il) for (a corre¬ 
sponding scenario can be found in ^). Unfortunately, the EG fails for diffusion 
processes. For instance, under associated with Ornstein-Uhlenbeck’s process 


dXt = -Xtdt + dWt 

having (O, ^)-Gaussian invariant measure /r, if EG were valid, then for bounded 
centered H 

\Px'^H\ < cons.V t > 0, 3 A > 0. 

However, direct computations show that for H{x) = sign(a::) and sufficiently large 
|a;|, we have |Pi*^P|c?t < v{x)e~^* where v{x) is a positive function, v{x) < oo over 
and v{x) —*■ oo with |a;| —*■ oo. The condition of this type: for any bounded and 
measurable H 

|Pi‘)P-/rP| < v{x)e-^^ 

describes the geometric ergodicity (see, Down, Meyn and Tweedie, Hj and citations 
therein). The geometric ergodicity is a helpful tool for the verification of U (x) and 
Q existence and even for the first part of verification, although, a crude choice 
of v(x), say v(x) x \x\'^,m > 2, may to render this verification impossible (GET 
analysis is not so sensitive to a choice of v). The second part of dl) verification is 
very sensitive to properties of U, owing to {M)t = fg V*U(Xs)(a(Xs)VU(Xs)ds, 
so that, the geometric ergodicity framework is not a “foreground” tool. Following 
Pardoux and Veretennikov, EH. we combine a property of H with a polynomial 
ergodicity \Px'’ H — g.H\ — (i+Tyr. 7 > 1 with iJ-depending v admitting an effective 
verification of 113. In this connection, we mention here some result (see. Theorem 
roi . in Appendix, interesting by itself, which is helpful in d verification. Let X 
be a diffusion process with the generator ^ and V{x) is Lyapunov’s function be¬ 
longing to the range of definition of Then, Nt =V {Xt) — V (xq) — U {Xs)ds 

is a continuous martingale and denote by {N)t its variation process. Assume: 

JfU < -cV^ -k c, 3 g > 0 and {N)t < [ c(l -k U”(X,))ds, 3 r < £. 

Jo 
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Then, for any er > 0 and sufficiently large number n 


^lim g{t) log P(y{Xt) > = —o 

^lim g{t) logp(^ f V^{Xs)ds > tn^ 



= —oo 


= —oo. 


Our method of the MDP analysis differs from Wu Ei - E3 where the Laplace 
transform technique dominates, or Guillin 0, cni based on discrete time approx¬ 
imation and Markov chains. In our approach, we deal with the above-mentioned 
Puhalskii’s results obtained with the help of, so called, stochastic exponential as 
an alternative to Laplace’s transform technique (see, e.g. ^ for more detailed 
explanation in the discrete time case). 

The paper is organized as follows. In SectionEJ all notations are given and Theo- 
rem l2.l| generalized Puhalskii’s for singular Q, is formulated and proved. In Section 
13 all results and examples are presented focusing on the existence and properties of 
the corrector and martingale variation process. The proofs are gathered in Section 
21 A simple example showing how the MDP may help in a statistical inference 
(for more information on statistical applications see, Inglot and Kallenberg, 23) i® 
given in Section |S| The technical tools are gathered in Appendix fXI 


2. Preliminaries 


We fix the following notations and assumptions which are in force through the 
paper. The random process X = {Xt)t>o is defined on some stochastic basis 
(D,.^,F = {^t)t>,P) satisfying the usual conditions. 

- II • II, I • I, and ((•, •)) are Euclidean’s and L norms respectively in and the 
inner product. 

- * is transposition symbol. 

- a{z) := aa*{z). 

- c, c, c G R+, .. ., are generic constants. 

- Px^\dy) is the transition probability kernel of X. 

- Ex denotes the expectation relative to Px\dy). 

- fj,{dz) is the invariant measure. 


(z) -b J2i=i i® the generator of A. 





- t>o is the filtration, with the general conditions, generated by (Xt). 

- {L)t - is the variation process of a continuous martingale (Lt)t>o- 

- Xf{x) is the gradient of f{x) (row vector). 

- p is Euclidean’s metric in R^. 


0{t) = Tlk=T- 


- I denotes the identical matrix of an appropriate size. 

- “>”, “>” denote also the standard inequalities for nonnegative definite matri¬ 


ces. 


As was mentioned in Introduction, the existence of 



( 2 . 1 ) 


( 2 . 2 ) 
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is required. We emphasize that 


Mt = 


U{Xt) - U{x) + 



H{X,)ds 


is the martingale relative to 

The theorem below is a “master-key” for MDP analysis. 


Theorem 2.1. For any a: € and any £ > 0, assume 

(i) lim Q[t) logP(|?7(a;) — U{Xt)\ > Fe) = —oo 

t—Kyo ^ ' 

(ii) g{t) logP[\{M)t - tQ\ > te) =-oo 


Then, the family {Sf)t—>oo obeys the MDP in {W^,p) with the rate of speed g{t) and 
the rate function 


J{Y) 


i||r|||e, Y = QQ®Y, 
oo, otherwise, 


(2.3) 


where Q® is the Moore-Penrose pseudoinverse matrix {see, Albert, ^). 


Proof. From the definition of Mt, it follows that 

Sf = ^^[U{x)-U{Xt)]F^^Mt. 

(i) provides the negligibility of {^[U{x) — U(Xt)]) in gi-MDP scale. 

(ii) provides p-MDP, , under positive definite matrix, with the rate function 

for the family {^Mf )(due to result similar to Puhalskii, [23 (Theorem 2.3) 

and | 2 S|)- 


If Q is nonnegative definite only, the above result is no longer valid. This remark 
necessitates to turn to the general approach in large deviation analysis adapted to 
our setting. The family Alt)t^^ is said to obey the large deviation principle (in 
our terminology: MDP) with the rate of speed g{t) and some (good) rate function 
J{Y),Y G provided that this family is p-exponentially tight in (K'^,p): 


lim lim 
K—>^oo t^(X) 


g{t) logP( 


—Mt 

t^ 



= —OO 


(2.4) 


and obeys (p, J)-local large deviation principle with the rate function J{Y): for 
any F S 


lim lim 
5—>^0 t^oc 


g{t) logP( 

lim lim g{t) log Pi 
( 5—>^0 t—*oo ^ 


—Mt - Y 


< S 


) 


1 


-Xlt - Y 


<-J{Y) 

< > -J{Y). 


(2.5) 


A direct verification of (ES and 12.511 would be difficult. So, it is reasonable to 
verify by applying the following regularization procedure. We introduce a new 
family with 


Xlf = Mt + ^dWi 

where 7 is a positive number and VF/(€ M'^) is a standard Wiener process indepen¬ 
dent of Mt- The random process Mlf is continuous martingale with 


{M^)t = {M)t+ilt, 

where I = I^x?- For the family (ii) reads as: 

^ im p{t]losP[ 




> e 


= —00 










6 


A. GUILLIN AND R. LIPTSER 


where <57 = Q + 7l- Since is the nonsingular matrix, the family 
obeys (p, J-y)-MDP, where J-y(Y) = i||F|P_i. 

Now, we apply the basic Puhalskii theorem from m which, being adapted to 
our case, states that the family is p(t)-exponentially tight, in (R'*,p): 


lim lim p(t)logP( 

K—*^oo t—>'00 \ 


-M7 

f-K t 


> K] = —oo, 


and obeys (p, J^)-local deviation principle: 


lim lim pft)logP( 

i^Ot^oo ' ' V 

lim lim g(t) log P ( 

( 5—>^0 t^oQ ^ 


-M7 - Y 


1 


M7 -Y 


<5)< -MY) 
< ij) > -M^)- 


Obviously, (12.(ill and (12.711 imply (12.411 and (12.511 provided that 


lim lim g(t)P{ 
S^ot^oc V 




—w: 


and 


lim = 

7^0 


> rjj = —oo, V ?7 > 0 
2 , Q®QY = Y 


( 2 . 6 ) 


(2.7) 


( 2 . 8 ) 


(2.9) 


, otherwise. 

(ITHl) holds true, since the family obeys the p-MDP with the rate function 


^ ||F|P, so that, 


27 


lim „ 

t—>00 




^w: 




> T]] < — inf ^-> 

^ {y-.\\y\\>M^ 277-0 


(ESI) is verified with an utilization of the pseudoinverse matrix properties. Let 
T be an orthogonal matrix transforming Q to the diagonal form: diag((5) = T*QT. 
Due to 

2 J^(y) = y* [7I + Q] ■ V = Y*TM + diag(Q)] ~^T*Y, 
for Y = Q®QY we have (recall that Q®QQ® = Q®, see Q]) 

2MY) = Y*Q®QTM + diag(Q)] ~^T*Y 

= Y*Q®TT*QTM + diag(Q)] ~^T*Y 
= y*g®T diag(Q) [7I + diag(Q))-iT*y 
—»r*Q®Tdiag(Q) diag® (g)T*y 

7^0 

= y*g®Tdiag(g)T*Tdiag®(g)r*y 
= y*g®gg®y = y*g®y = ||y||^e = 2 J(y). 

For Y ^ g®gy, lim.y^o J-yiY) = 00. □ 

3. Main results 


3.1. Nonlinear model, I. Xt solves subject to Xq = X. 

(Ab) b is locally Lipschitz continuous; for some a > 1 and C > 0 there 
exists r > 0, depending on a, C, such that 

((z,6(z)))<-r||^f+“, ||z||>C. 

(Act, a) c is Lipschitz continuous; for some A > A > 0 

AI < a{z) < AI. 
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From Pardoux and Veretennikov ED, it follows that, under (Ab) and (A^.a), the 
diffusion process X is ergodic with the unique invariant measure ^{dz) possessing 
a density p{z) relative to dz. Moreover, for a > 1 and any /3 < 0 

[ {l + \\z\\r-^+^p{z)dz<oo. 

(Ah) H is measurable function, H{z)p{z)dz = 0; for a > 1, sufficiently small 
(5 > 0 and any /3<0A5(3 — a — (5), 

\\H{x)\\<cil + \\x\\r-^+f^. 

Remark 1. Under (Ab), (Acr,a) and (Ah)), from Pardoux and Veretennikov, EH 
Theorem 2, it follows that U{x), given in 12.211 . is bounded and solves the Poisson 
equation 

= -H 

in the class of functions with Sobolev’s partial second derivatives locally integrable 
in any power and a polynomial growth. With all this going on, 

|VC/(a;)| <c(l + ||a:||)(^+“-^)^ (3.1) 

and, by embedding theorems CHI, all entries of VC/ are continuous functions. So, 
the Krylov generalization of Ito’s formula (see ESI) is applicable to U{Xt)'. 

U{Xt) = Uix) - f H{X,)ds + [ VU{Xs)aiXs)dWs. (3.2) 

Jo Jo 

Theorem 3.1. Under (Ab), (A^-.a) and (Ah), the family {Sf)t>o obeys the MDP 
in (K.'^jP) with the rate of speed g(t) and the rate function given in 12.311 with Q 
defined in EU. 

3.2. Nonlinear model, II. Though Theorem rm serves a wide class of bounded 
and unbounded functions H, it is far from to be universal especially for a = 1. 

So, we fix the next set of stronger assumptions. 

(Aj„ ^) b(x) and (t{x) are Lipschitz continuous; for any x',x" G there 
exists a positive number p such that 

2(((x' — x”, b{x') — b{x"))) + trace[cr(a;') — <T{x")\[t7{x') — uix")]* 

< —vWx' — x"\\'^. 

(A'g) XI < a{z) < AI, for some A > A > 0. 

(A^) H{x) is Lipschitz continuous function. 

Theorem 3.2. Under (A(,^), (A(j) and (A^), the statement of Tfemrcm 13.II re- 
mains valid. 

3.3. Linear model. The diffusion process Xt solves 1113, 2l = Adxd, B = Bdxd 
and (Wt)t>o is a standard vector-valued Wiener process of the corresponding size. 

For this setting, (Ab) or (A(, ^), and (Aa) are too restrictive. We replace them 
by the following assumptions. 

(A) Eigenvalues of A have negative real parts. 

(Ab) D := BB* + A*BB*A -k ... -k {A*^-^BB*A<^-^ is nonsingular ma¬ 
trix. 

(A^) Suppose either 

1) H possesses continuous and bounded partial derivatives, 

2) H is bounded, BB* > 0. 
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Theorem 3.3. Under (A), (Ab) and (A^), the family obeys the MDP 

in with rate of speed g{t) and the rate function given in <12.311 with Q defined 

in (12.11) . 

The next result deals with quadratic function H. Under (A) and (Ab), the 
invariant measure p is zero mean Gaussian with nonsingular covariance matrix P 
solving the Lyapunov equation 


A*P + PA +BB* =0. (3.3) 

We introduce also a positive definite matrix F = F^xij and a matrix T = 
solving the Lyapunov equation 

A*T + AT + r = 0 . 


Theorem 3.4. Assume (A) and BB* > 0 and 

H{x) = ((XjFx)) — trace(r^/^Pr^/^). 

Then, the family (S'f)t^oo obeys the MDP in with rate of speed g{t) and 

the rate function given in (ESI) with 

Q = 4trace(TPPP*T) > 0. 


3.4. More examples. In this section, we give examples which are not explicitly 
compatible with Theorems EI1-E3I 


Example 3.1. Let d = 1, H[x) = x^ and 

dXt = -Xfdt + dWt. 


(3.4) 


Though (Ab) holds with 0 = 3, Theorem 13.II is not applicable since by (Ah) only 
H with property ||iL(a;)|| < c(l + ||x||)^, 7 < 2 is admissible. 

Nevertheless, the MDP holds and is trivially verified. Indeed, (Toil is nothing 
but (13.211 with U{x) = x. Hence, VU{x) = 1 and (5 = 1. 

Consequently, (ii) from Theorem 12.II automatically holds. 

(i) is reduced to limt^oo Q{t)"^ogP(yXf > U'^e) = —00 and is verified with the 
help of Theorem Em with V{x) = x^. Actually, by Ito’s formula we find that 
dV{Xt) = [—2V^{Xt) + l]dt + dNt, where Nt = 2XsdWs- Hence, 


^V{x) < —V'^{x) + 1 and {N)t 


W{X,)ds. 


Example 3.2. Let d = \ and 


dXt = b{xt)dt + dWt, 

where b{x) is Lipschitz continuous and symmetric, b{x) = —b{—x), function (obvi¬ 
ously 6(0) = 0). Under (AJ^ ^), providing (Ab), Xt is an ergodic diffusion process 
with the symmetric invariant density, p{z) = p{—z). So, any bounded Hix), with 
H{x) = —H{—x), possesses (11.11) . We choose 

H{x) = sign(x), letting sign(O) = 0. 

However, neither Theorem liOl nor Theorem 10 are compatible with the setting 
owing to H{x) does not satisfy neither (A^) nor (Ah). Nevertheless, we show that 
the standard MDP holds. A computational trick proposes to use a decomposition 
H = H' + H" for 

{ e“^, a: > 0 
0, a: = 0 
—e^, x < 0 
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since H' satisfies (Ah) and 


H”{x) 


1 — e a; > 0 
— 1 + e^, a; < 0 


satisfies (A^)- Then, U'{x) and \7U'{x) are well defined and both are bounded; at 
the same time U”{x) and VU”{x) are also well defined and WU”{x) is bounded, 
i.e. \U"{x)\ < c(l + |x|). 

Taking U{x) = U'{x) + U"{x) we get bounded \7U{x) = \7U'{x) + VC/"(a;) and 
U{x) satisfying the linear growth condition. Moreover, due to Mt = M[ + M”, we 
have 

VU'\X,)dWs = [ \/U{Xs)dWs, 

Jo 

providing {M)t = /J {yU{Xs))^ds with bounded (Vf7(x))^. 

Now, (i) and (ii) from Theorem 12.11 a, re verified in a standard way with the help 
of Theorems lA.llIA.2I 


Mt = / XU'{X,)dWs + 


Example 3.3. (Linear version of Langevin model.) A nonlinear Langevin’s model, 
including our linear one, is studied in Wu, m- The result from m seems not to 
be accomplished. At least, we could not adapt assumptions from there to verify 
the MDP for the following setting. 

Let Xt = ^ {Qt,Pt & R'^) and 

dqt = ptdt 

dpt = -Tptdt - XF{qt)dt + adWt, 


where VF(q) = Aq and matrices A, T and aa* are positive definite. We verify the 
MDP with the help of Theorem 13.31 

It is expedient to write 13.511 to the form cs with matrices (in a block form) 


A = 




and 




In accordance with Theorem roi we have to verify only two conditions: 

1) eigenvalues of A have negative real parts, 

2) the matrix D (see (Ab)) is nonsingular. 


1) fulfils since free of noise 13.511 : 


dt =Pt 

Pt = -Fpt - VF(gt) 


is asymptotically stable. Traditionally for the Langevin equation, this result is 
easily verified with the help of Lyapunov’s function Vt = ^||pt|P + F{qt) and is 
omitted here. 

2) holds since D' := BB* + A*BB*A{< D) is nonsingular. Indeed, 

, / Aa*aA Aa*aT \ 

^ ^ l^FcrVA Ta*aT + a*a) ’ 


that is, with a vector v = 



0, we have 


{{v,D*Dv)) = {{vi,Aa*aAvi)) + {{v 2 ,Fa*crTv 2 }) + 2{{vi, Aa* cjTv 2 )) 
+ {{v2,cr*av2)). 


By virtue of the well known inequality 

‘J{{zi,Z2)) > -{{zi,Zi)) - {{Z2,Z2}), 


(3.6) 
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we get l{vi,k(T*aKvif} + l{v 2 ^Ta*aTv 2 f) + ‘2.(^vi,Ka*aTv2f) > 0. Consequently, under 
V 2 ^ 0, we have {{v,{D')*D'v)) > {{v 2 , cr*av 2 )) > 0. Even though V 2 = 0, and so 
vi ^ 0, we also have {{v, {D')*D'v}) = {{vi, Aa*aviA)) > 0. 

Thus, under (A^), the MDP holds. 

Example 3.4. (MDP for a smooth component of diffusion process.) Let be the 

(i) 

first component of a diffusion process Xt with entries X^ i = 1,... ,d: 


= xf) 
x« = x^ 


i+1) 


i = 2,... ,d — 1 


(3.7) 


dX^^^^ = -J2 aiX['^~"Ut + bdWt, 


E' 

i=l 


where oi, a 2 ,..., and b are positive numbers and Wt is a Wiener process. 
As in the previous example, we rewrite 113 to the form of with 


where 


A = 


A^ 1 — 


All 

A21 


/O 

0 


Ai2 

A 22 

1 

0 


\ 0 0 


and B = 

0 . 

0 


Sn 

B 21 


Bi2 

B 22 


0 




(d-l)x(d-l) 


~‘^‘i-i)ix(d-i) analogously. 


Ai2 = 0, A 22 = —ad, A 21 = (—oi —02 
.Bii = 0((i_i)x(d-i), .B 12 = 0, B 22 = b, B 21 = Oix (d-i )- 

We verify the MDP with the help of Theorem 13.31 In order to guarantee (Ah), 
suffice it to assume that roots of the polynomial 

cl){z) = z'^ + aiz'^~^ + ... + ad-iz + ad 

have negative real parts owing to the noise free version of E3 is nothing but the 
differential equation aix['^~^'^ + adXt = 0. 

Notice that (Ab) is fulfilled too since D' = BB* + A*BB*A{< D) is a nonsin- 


A21A21 A21A22 

A21A22 AI2 + 1 


and so, we have 


gular matrix. Actually, D' = b^ 

{{v,D*Dv)) = b^ k||A 2 if + (AI 2 + l)||n 2 f + 2 uiA22((i;2,A2i): 


Taking v = ( ^ 0, where vi is a number and V 2 is a vector of the size d — 1, for 

\V2j 

V 2 = 0, and then vi ^ 0, we have ((u, D*Dv)) > 0. Even though V 2 ^ 0, the use of 
(13.HU provides {{v,D*Dv)) > 6^^2211 1^2 IP > 0. 


In order to establish the MDP for the family (X J* H(Xs^^)ds)^^^, we redefine 
the function H as: H{x^^'^) = H(xA), a;0,..., and assume H satisfies (A^). 
Then, the family (X H(Xs)dsj^^^ obeys the MDP with the rate of speed g(t) 
and the rate function J(P) = J(yA)^ _ ^ Y(d)^ Qf standard form 112.311 . 

Now, the desired MDP holds by Varadhan’s contraction principle, m, with the 
same rate of speed and the rate function 


j{y) 


inf 
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Example 3.5. Let Xt (G M) be Gaussian diffusion with 

dXt = -Xtdt + dWt 

and H{x) = sign(a;). This function satisfies HI .111 and, at the same time, is not 
compatible with Theorems id.l l - rOl So, we suppose to embed this setting to a new 
one with a vector function H(a;) with entries: 

Hi(x) = - sign(x) and \^ 2 (x) = x^ sign(a;) — - sign(x), 

which is MDP verifiable. Applying arguments from the proof of the Theorem 1.3.31 
one can show the existence of Ui{x) with bounded VC/i(x) such that 

ft 


UiiXt)=Uiix)- f Hi{X,)ds + 
Jo 

(M«)t= f (VC7i(A,))"ds. 

Jo 


M 


( 1 ) 


Now, we establish similar property of H 2 {x). By the Krylov-Ito formula (see M). 
we find that 

dH{Xt) = -H2{Xt)dt + \Xt\dWt. 

Consequently, U 2 {x) = H{x) and X^ ds. 

Now, we may verify (i), (ii) from Theorem 12.II 

(i): Since Vf7i is bounded, Ui satisfies the linear growth condition. Thus, 

\Ui\ < c(l + IC/ 2 I) = c(l + \H{x)\) < c(l +a:^). 

Hence, (i) is reduced to limi^oo Q{t) \ogP{^Xf > Pe) = — 00 . The latter holds owing 
to Xf possesses an exponential moment: < 00 uniformly in t over R+ and 

sufficiently small A and, therefore, the Chernoff inequality is effective. Write 




^ logP{xf > t^e) < log (e 




— At'^e+log Ee^ 

log 


— 00 . 


Notice that |f72(a;)| = so that, the (i) verification is the same as for Ui. 

(ii): The martingale Mt is vector-valued process with two entries and . 
Hence, its variation process is a matrix 

so that, the entries of Q are defined in the following way: 

Qii^ [ {VUi{z))‘^p{z)dz, 

Jr 

Q 22 = / z‘^p{z)dz, 

Jr 

Qi 2 = [ VUi{z)\z\p{z)dz. 

Jr 

Thus, (ii) is reduced to 

^lim g{t)\ogP(^ J h{Xs)ds > =— 00 , (3.8) 

where h{x) is continuous function satisfying 11.111 and either 

1) \h{x)\ < c\x\, 

2) h{x) = x^ — 
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In 1), we apply h{x) = h'i{x) + h”{x), borrowed from 14.Ill , and verify versions of 
(EH) with h'l and h" separately. 

/i;-version holds owing to by Theorem 1.4.11 {a = 1) J*h'i{Xs)ds] obeys 

V / t —^OO 

g-MDP with a nondegenerate rate function and k < 1. 

h”-version holds owing to \h”{x)\ < I{\x\ > l)\x\ < ^ and for sufficiently large 
I, limt^oo ^?(^) logP^ /q X'^ds > tle^ = —oo verified with the help of Theorem lA.il 
for V{x) = x^. 

In 2), by Theorem IT 41 [Af — obeys ^j-MDP with a nondegen¬ 

erate rate function. So, it remains to recall that k < 1. 

Thus, p-MDP for new family holds true with the rate function J{Y), Y € 
defined in (lOl . Hence, the original family possesses the MDP with the quadratic 
rate function 

j{y) = inf 'HY)- 

{Yi,Yr.Yi-eY2=v} 

4. Proof of Theorems from Section El 


4.1. The proof of Theorem 18.11 Denote by M* = JgVU{Xs)cr{Xs)dWs the 
martingale from IT 21) having (M)t = VU(Xs)a(Xs)V*U(Xs)ds. 

We shall verify (i) and (ii) from Theorem 12.11 

(i) holds since, by Remark Q] [/ is bounded. 

(ii) is verified in a few steps. 

Step 1: (5 identification. We show that VU(z)a(z)V*U(z)p(z)dz = Q. This 
fact is well known and is given here for a reader convenience only. Notice that, by 

EH, 

Q = E[H{Xl^)U*[Xl^) + U{Xl^)H*[Xl ^)\, 
where X^ the stationary version of At, that is, the version solving 11.211 subject to 
Aq the random vector, independent of Wt, with the distribution provided by the 
invariant measure /r. Hence, suffice it to show that 

E[XU{X^)a{X^)X*U{X^pi^] = E[H[X^)U*{X^) + U{X^)H*{X^)\. (4.1) 

We verify EH with the help of Ito’s formula 

U{X^)U"(X^) = U{XS)U’{XS) - [’ lH(X^)U-(X^) + U{x;)H-{XS)]ds 


■f 


\u{X^)dM: + dXhU*[X^)\ + f\iX^)a{X:)V*{X^)ds 
0 Jo 

by taking the expectation. 

Step 2. Preliminaries. Set H(a;) = XU{x)a{x)X* {x) — Q and let h{x) denotes 
any entry of H(x). For (ii) to be valid suffice it to show that 

t 


> te] = —CO. 


fimg(f)logPf [ h{Xs)d. 
t^oo V 

Recall h(z)p(z)dz = 0. By IT 111 . 

IM^)I <c(l + ||a:||)'(^+“-^)^. 

We consider separately two cases provided by a special choice of 
/3 < 0 A i(3 — a — i5) for sufficiently small <5 > 0. 


(4.2) 
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(see, (Ah)): 

- (a = 1) : |/i(a;)| is bounded; 

- (a > 1) : \hix)\ < c(l + ||x||)^+““'*, 1 + a — 5 >2. 


Step 3. 


a = 1 


For sufRciently large number /, set 


h'i{x) = < 


h{x) 

vi{x) 

0 


l|a:^ll < I, 

I < ||a:|| < / + 1 

||x|| > Z + 1, 


where vi (x) is bounded continuous function such that h[ (x) is continuous function 
with h[{z)p{z)dz = 0. In contrast to Zi, the function ZiJ decreases fast to zero 
with ||x|| ^ oo, so that, a negative constant /?' can be chosen such that 

\h\{x)\<c{l + \x\f+^-^^c{l + \x\f. 

In accordance with this property, u{x) = — E^h'{Xt)dt solves the Poisson equa¬ 
tion = —h[ and is bounded jointly with \7u{x) (see. Remark ^1. Hence, 
u{Xt) = u(x) — /p h'(Xs)ds + mt with the martingale rut = fg Vu(Xs)a(Xs)dWs 
having (m}t = fg Vu(Xs)a(Xs)V*u(Xs)ds. The negligibility of p- 

MDP scale is provided by the boundedness of u(x). The same type negligibility of 
jmt is provided by the boundedness of Vu*(x)a(x)Vu(x), due to Theorem lA.2l 
Consequently, a version of with h'l holds true. 

Set h" = h — h\. Since h is bounded, |Zi"(a;)| < c/(||a:|| > 1) < ^||x|p. Conse¬ 
quently a version of (lOl with h[' is reduced to 

^lim g{t)\ogP^ J ||As||^ds > = —oo 

and is verified with the help of Theorem roi for V{x) = ||x|p owing to 

^V{x) <—cV{x) + c, and (Nt) < f c(l-|-P(As))ds 

Jo 

are fulfilled under (An) and (A^.a) (a verification of these facts is accomplished 
with the help of Ito’s formula). 


a > 1 


Step 4. 

\h[\ is decreasing fast to zero, with 


We apply again the decomposition h = h[ 

oo, and is bounded by c(l 


h”. With chosen /, 


the version of (lOl with h'l is verified as in the case “a = 1”. 


■0 


1+a —5 


So, 


Notice that 

\h'l{x)\ < c(l + ||a;||)i+“-^)/(||x|| > Z) < ^(1 + ||a;||)i+“ < ^(l + P(x)), 
where V(x) = • Hence, the version of 14.2|l with Zi" is reduced to 


lim g(t) log P 



V{Xs)ds > 


— OO. 


To this end, we apply Theorem lA.il 
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First, taking into account that ||a;p+“ = (||x 
> 2, by the Ito formula we find that 


3 + a 

P) ^ and 


d\\Xtf = [2{{Xt,b{Xt)) + trace {a{Xt))]dt + 2{{Xt,aiXt)dWt)) 
^ 3 


= (- 


- 11 fllXtf) "{2{{Xt, b{Xt))) + trace (a(Xt))} 


+ 2 


'3 + 0: ' 

'3 + 0; 

L 2 "J 

L 2 “J 




-iXua{Xt)Xt)) 


dt 


- l){\\Xtr)^-^2{{Xt,a{Xt)dWt)), 


d\\Xt\\^+^‘^ = {1 +a) {\\Xt\\Y {HXt,biXt))) + trace {a{Xt))} 
+ 2[1 + a]a{\\Xt\\Y{{Xt,a{Xt)Xt))]dt 
+ {l + a){\\Xt\\^y+'^2{{Xt,a(Xt)dWt)), 

1 




(l + ||X,||3+«)2 
2{l + a)\\Xt\\^+^ 
(l + ||X,||3+«)3 


{{Xt,aiXt)Xt))dt, 


1 


2(l + a)"||Xt||3(i+“)((Xt,a(Xt)Xt)) 
(l + ||X,||3+«)2 

Thus, we have dV{Xt) = ^V{Xt)dt + dNt, where 
1 


dt. 


^y(x) = 


(1 + Q;)||x|p^^+“^{2((a;, b{x)x)) + trace(a(x))} 


1 + ||a;||3+“ L 
f 2 q;( 1 + Q;)||a;|p“((a;, a{x)x)) 


\4+2a 


(i + IIXt||3+«)n2 

+ i(l + a){a - l)||a;||“-i((a:,a(a:)a;)) 


^(1 + a)||a;|p+“{2((a;, b{x)x)) + trace(a(a;))} 


|4+2a 


(l+ll^tP+“)^ 

< (1 + a){{x, b{x)x)) 


= (1 + a){{x, b{x)x)) 


2(1 + a)||x|p+“((x,a(x)a;)) 


|4+2a 


2||x|pl3+a) 

Ll + ||a;||3+« (l + ||a:||3+a)2j 
2||x|p(i+“)+2||xf+3“-||a,||4+2« ^ 


(1 + ||a:||3+° 


+ o(||xf“) 

+ o(lkf“) 


< —c||a;|p“ + c < —cV i+“ {x) + c 


and = J*{{X,,a{Xs)dWs)) 


2(l+a)||X,|p(i+“) 

l + l|A,|P+“ 


Ti+pfdF^ 


that is. 


{mt< 



(c||X,f“ + c)ds< 


[cV i+“ {Xs) + c)ds. 


Thus, the assumptions of Theorem ro are fulfilled and, thereby, for sufficiently 
large I, we have limt^oo p(t)^ogP( (Xs)ds > tl^) = —oo and, it is left to 

notice that > 1 for a > 1. □ 
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4.2. The proof of Theorem 13.2L By 

{{x,b{x))) = {{x, {b{x) - 6(0))) + ((x,6(0))) 

<-((x,Box))+ 116(0)11 ||x|| 

<-H|xf+ ||6(0)||||x|| 

that is, there exists r > 0 such that ((x, 6(x))) < —r||x|p. 

Hence, (AJ,^^) +> (Ab)(a = 1). However since, by (A'jj), ||B(z)|| < c(l + || 2 ;||) is 
admissible. Theorem 2 from Pardoux and Veretennikov, EH, is no longer applicable. 
At the same time. Theorem 1 from EH states that U from (EH) solves the Poisson 
equation ^U{z) = —H{z) and satisfies the following properties: for some m> 2, 

||C/(x)||<c(l + ||x|r) and ||VC/(x)|| < c(l + ||x|r). 

Nevertheless, regardless of that, (A^) provides 

||C^(x)|| < c(l + ||x||) and ||Vf/(x)|| < c. (4.3) 

Actually, let Xf denotes the solution of subject to Xq = X. Since for any x' 
and x", we have C/(x') — U{x") = E[H{X^ ) — H{Xf )\dt, by (A^), we have 
[L is the Lipschitz constant for H) 

noo 

\U{x') - U{x'')\ <L \E[xf - Xf] \dt 
Jo 

<Lj^ dt, 

where d[Xf - Xf] = [h{Xf') - h{xf)]dt+[cj{Xf) - a{xf)]dWt. With the help 
of Ito’s formula, we find that 

d\\xf - xfwl = 2{{{X[ - xf), [h{xf) - b{xf)\))dt 

+ 2(((A; - xf), [a(xt) - a(Xf)]dW,)) 

+ trace[a(Af') - a{xf)][a{xt) - a{xf)]\ 

Hence, Vt = E\\Xf — Af |p is differentiable relative to dt and 


vt = 2E 


(([Af'-Af ],[6(Af -biX^ 


+ trace[a(Af ) - a(Af )][a{X^ ) - a{X^ )]^ 


Then, by (A(j ^), we have it < —Wt, i.e., Vt < ||x' — x"|pe The latter implies 
the Lipschitz continuity of U and, in turn. 

We proceed the proof with the verification of (i) and (ii) from Theorem 12.II 

(i) : Due to suffice it show that limj^oo £<(0 logP(|| At|p > = —oo 

what is verified with the help of Theorem lA.ll for V{x) = ||x|p. With the help of 
Ito’s formula, one can find that 

.ifV(x) = 2((x,6(x))) + tracea(x) and Nt = f 2{{Xs,a{Xs)dWs)) 

Jo 

and next that .ify(x) < —cV{x) + c, {N)t < f cV(Xs)ds. 

(ii) : It is verified similarly to (lOl for a = I. 

□ 
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4.3. The proof of Theorem 13.3L Under (A), (Ab), the Pardoux-Veretennikov 
concept is no longer valid. Nevertheless, (A) and (Ab) provide the ergodicity of 
X = {Xt)t>o with the unique zero mean Gaussian invariant measure characterized 
by a nonsingular covariance matrix P solving Lyapunov’s equation, see (Toil . 

We prove the theorem in a few steps. 


Step 1. Invariant and transition densities. For Xq = x, the diffusion process Xt 
is Gaussian with the expectation EXt = and the covariance matrix 

cov{Xt,Xt)= [ =: Ft 

Jo 


solving the differential equation 

= A*Pt + PtA + BB* 


(4.4) 


subject to Pq = 0. It is well known, and is readily verified that, under (A) and 
(Ab), we have Pt > 0 over t > 0 and limt^oo Pt = P{> 0). If in addition BB* > 0, 
then, for f in a vicinity of zero, 

\Pt~'^^\ < (4.5) 

Since P, Pt > 0, the invariant density p{y) and the density of Px\dy) relative to 
dy are defined as: 


p{y) = 


p{x,t,y) = 


{ 2 tt detP)^/^ 


exp I 


( 27 rdet PtY!"^ 


llp-1 


y — e*^x| 


Step 2. [/ existence. We prove that C/(x) from 12.211 is well defined over by 

nOO 

/ \ExH{Xt)\dt<oo. (4.6) 


showing 


Assume (Ay)^^^. Let X^^, Xf denote the stationary version of Xt and Xt with 
Xq = X respectively. By HU and the Lipschitz property of H (with the Lipschitz 
constant L), it holds \Ex{Xt)\ = \E[H{X^) — H{Xl*)\ < LE\X^ — Xj*\, where, by 
ii^t-xn = A[X--X^], i.e., [X--X^] = e‘^[x-Ao^]. Hence and by (A), 
there exists a positive constant A such that \Xf — X^ \ < + ||x|| + ||Aq |j). 

The random vector X^ is Gaussian, so that, PHAq || = c. 

Thus, \Ex{Xt)\ < e“‘'^c(l + ||x||) and 14.611 holds true. 

Assume (Ah) 2 ). We may adapt the results of Meyn and Tweedie, m (see also 
Mattingly and Stuart, m and Mattingly Stuart and Higham, dl) for getting 
(lOl) . However, taking into account the explicit formulae for p{y) and p{x, t, y), the 
direct proof of lHUll is given. 

For a definiteness, let \H\ < K. We apply an obvious inequality 
\ExH{Xt)\ < K f \p{x,t,y) - p{y)\dy {<2K). 


A changing of variables: 


z = {y — e*^z)Pf and the identity 


p(Py + e*-^x) 
p{x, t, P^^^z + e*^x) 


X exp 



det Pt 
det P 


I)z))+2((p-i/2^,e‘^x)) + ||e*^x 
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provide 


/ 


\p{x,t,y) -p{y)\dy = j 

Jr 

r ^ _ pjPl^'^z + e^^x) 

Jr'^ p{x, t, pI^'^z + e*^x) 


1 - 


p{y) 


Pix,t,y) 
p{z)dz 


p{x,t,y)dy 


I det Pt / det Pt f /If;/ t\ « 

VcEip-' +Vd5ipLl“n-2[«*-<^''^ 

+ 2{{p-^/^z,e^^x)) + ||e*^x||^_i]) - l\p{z)dz. 

Due to (A), e*^x converges to zero in t —> oo exponentially fast in a sense that 
\e*"^x\ < ce“‘''||a:|| for some generic A > 0. Moreover, |PtP“^ ~I| < owing to 

P — Pt solves the differential equation At = A* At + At A subject to Aq = P (see, 
(lOl and (US) . The above-mentioned convergence implies also 


det Pt \ 1/2 


/ det P \ 
V det P / 


- 1 


< ce 


—tx 


Thus, there exists an appropriate positive continuous function v{x) (< oo) over 
such that for t > to >0, 


1-b 


/ \p{x,t,y) -p{y)\dy < ce 

< ce“‘'^(l -I- v{\\x 

and, in turn, holds true, owing to 


+ ||xf}e' 


A.ce--[|ldl = + ll-lP]p(^)d, 


/•oo roo 

/ |P,P(A«)|/is < 2AAo+ / |P,P(A«)|ds< 2A + —c(l+r;(||x||)). 

Jo Jto 


Step 3. VP existence. Assume (Ah);^) and notice that 

1 


[ [ V^H{Ptz + e*^x) 

Jo JR-^ 


{2TrYA 


-Yl^W^dz 


dt < const. 


(4.7) 


Since U{x) = — H{PtZ + e^^x) ^ ^ ^ dzdt, by virtue of of 114.71) we 

have 

1 


VUix) = - [ [ V,H{PtZ + e^^x) 

Jo JR'^ 

In particular, VP is bounded. 

Assume (A^) 2 ). Now, we prove that 


(27r)‘^/- 




/” 




H{y)Va:p{xA,y)dy 


dt < const. 


The use of VxP{x, t, y) = —p{x, t, y){y — e*^x)*Pt t > 0, provides 

[ Hiy)VMA t, y)dy = -PP(Af )(Af - EX^YPaA^^. 

Jr<^ 


(4.8) 


= E[H{X^) - EH{XmXt - EXn*Pt-A^^. 
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Consequently, taking into account the boundedness of H and by Cauchy- 

Schwarz’s inequality we get (with a generic positive constant A): 

Hiy)\7M^Ay)dy\ < c[e\\X^ - EX^fy^"\P,-^\\e^A\ 


Js.<‘ 


< ce *^(trace(Pt))^^^|P( ^| < c 


o— tA 


Vi 


Then, 14.811 holds and VU is bounded. 

Step 4. Mt existence. Since an applicability of Ito’s (Krylov-Ito’s) formula to 
U{Xt) is questionable, we show that with 

Mt = U{Xt) - U{x) + [ H{X,)ds, 

Jo 

is the continuous martingale, 

{M)t = f V*U{Xs)BB*VU{Xs)ds ( 4 . 9 ) 

Jo 

and if 11 Mt IP < oo over t G M+; the latter is provided by the boundedness of XU . 

The use of a homogeneity in t of the Markov process Xt enables to claim that 
U{Xt) admits the following presentation a.s., 

/ OO nOO 

Ex,U{Xs)ds = E{H{Xs)\J^V)ds. 

Then for any f < t, we have 

/ OO POO 

E{H{X,)\^V)ds- E{H{XsWV)ds 

+ E{H{Xs)\^V)ds- H(Xs)ds a.s. 

and the martingale property, E{XIt\^V) — becomes obvious. 

Now, we establish (Ol) with the help of well known fact: for any t > 0, (M)t 
coincides with the limit, in probability, in A; —*■ oo of 

^ (M,.-M,j_J(M,.-M,._J*, 

l<j<k 

where 0 = Iq < V <...< = t is a condensing sequence of time values. We 

recall only that M^fc — XLk = U(Xtk) — UiXfk ) + OiV ~ ) and 

j j-l j j -1 J J 

UiX,k)-U{X,k )=X*U{X,k )B[Wtk-Wtk ]+Oit^-t^_,). 

3 J —1 J —1 3 J —1"^ 


Step 5. (i) verification. Due to the linear growth condition of ||C/(x)||, suffice it 
to show that 

^lim Q{t) log P{y{Xt) > Ve) = —oo. (4-10) 

for V{x) = ((XjTx)) with an appropriate positive definite matrix T. In view of (A), 
it is convenient to choose T solving the Lyapunov equation A*r + TA + 1 = 0. The 
function V(x) belongs to the range of definition for with 

^V{x) = {{x, (A*r + rA)a;)) + trace(BrB*) 

= —||a;|p + trace(i?rif*) < —cV{x) + c 

while V{Xt) — V{x) — f*JfV(Xs)ds = f* 2((Xs,rBdWs}} =: Nt is the martingale 
(relative to {^V)) with {N)t = 4((As,r^As))c?t < jlcV{Xs)ds. 

Now, (Onil is provided by Corollary^ to Theorem lA.il 
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Step 6. (ii) verification. Since VC/ is bounded and continuous, (ii) holds true if 


^lim p(t)logP^ J h{Xs)ds > te^ 


for any bounded and continuous R with h(z)p(z) = 0. 

Assume for a moment that h satisfy from Theorem 1,'f.dl Then, the 

function u(x) = — Eh(Xt)dt is well defined and {u(Xt), is the semi¬ 

martingale: u{Xt) = u(x) — fg h{Xs)ds + mt, where {mt, ■^i^)t>o is the continuous 
martingale with {m)t = Jq X*u{Xs)BB*XU{Xs)ds and Xu{x) is bounded and 
continuous. 

Hence, suffice it to verify (EtTIi with Jp h{Xs)ds replaced by u{Xt) and mt 
separately. 

First of all notice that the version of lICTTi with mt is valid due to Theorem 
lA.21 owing to {m)t < Kt, where K > X*u{Xt)BB*Xu{Xt) in t over R+. Further, 
because of Vit is bounded and, then, u satisfies the linear growth condition, the 
version of 14.1111 with u{Xt) is reduced to 14.1011 . 

If h does not satisfy (Ah)^), we apply the decomposition h = h' + h" borrowed 
from the proof of Theorem litn a = 1. Then, the version of (ICTT) with h” is 
reduced to: for sufficiently large I, 


\^g{t)logP(^ J {{Xs,TXs))ds > = -oo, 

and is verified with the help of Theorem lA.ll for V{x) = ((a:,Fa:)). 

The verification of lICTTi with h' differs from the corresponding part of proof for 
Theorem o a = 1. Let I, involved in the definition of h', and e > 0 be chosen. 
Since h' is compactly supported, there exists a polynomial such that 

Ce := sup \h'{x) - hs{x)\ = o{e) 

X 

de := / he{z)p{z)dz = o(e). 
aR<i 

Because of hg = — d^ satishes dJ and (A^)j^^, the validity of lICTll with hg is 

obvious. So, it is left to recall only that sup^. \ h'{x) — hi;{x)\ = o(e). □ 


4.4. The proof of Theorem 13. 41 Obviously, H{x) satishes dJ- 

We shall verify (i), (ii) from Theorem l2.ll By virtue of 12.211 . the quadratic form 
of H is inherited by U. We examine the following U(x) = {{x,Tx)) — v with a 
positive dehnite matrix T and positive number v. By Ito’s formula we hnd that 

dU{Xt) = [{{Xt, [TA A*T]At)) -h trace(B*TH)] dt + 2{{Xt, TBdWt )). 

'-V-' '---' 

candidate to be —H{Xt) —Mt 

The realization of this project requires for T to be a solution of Lyapunov’s equation 
TA-I-A*T -t-F = 0 what, in particular, provides trace(i?*TH) = trace(r^/^Pr^/^), 
where P is the covariance of the invariant measure. With chosen T, set D = 
TBPB*T and notice that {M)t = J* 4{{Xs,DXs))ds 

(i) is reduced to 


Ihn p(t)logP^((At,rAt)) > = -oo 
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which holds since for positive and sufficiently small A the moment generating func¬ 
tion logiSe^^''^*’'’'^*^^ is bounded over t G K+ and, then, Chernoff’s inequality pro¬ 
vides 

^logP(((Aft,TXt)) > t^e) < -Xt^-s+^ -^ — 


f2K-l 


t—^oo 


(ii) is valid if 
lim p(t)logP( 


{{Xs,TBB*i:Xs)) - trace(D) 


0 


ds 


> te] = —oo. 


(4.11) 


Let us denote 7 = TBB*T and f)(a;) = {{x,'yx)) — trace(D). We repeat the previous 
arguments to find u(a;) = {{x, vx)) — r with a positive definite matrix r and positive 
number r such that m* = u(Xt) — u(a:) -|-t)(Xs)ds is a continuous martingale with 
(m)t = /p ((Xs, qXs))ds, where q is a positive definite matrix. Now, we may replace 
(irim by 

( 1 ) lim p(f) logP(((Xt, 7 X 4 )) > te) = -00 


t—>QO 

( 2 ) ^lim £»(<) logP(|mt| > te) = — 00 . 

(1) is verified similarly to (i). (2) is verified with the help of Theorem IA.2I by 
showing limt^oo Q{t) logP((m)t > tn) = —00 for sufficiently large n what is nothing 


but 

^lim p(t)logP^ J {{Xs,qXs))ds > tnj = — 00 . (4-12) 

A version of with q replaced by any positive definite matrix G provides 

too. For computational convenience, we take G solving Lyapunov’s equation 
A*G-|-GA-|-I = 0. The function V{x) = {{x, Gx)) belongs to the range of definition 
of with ^V{x) = —2||x|p -I- trace(PPP*) < —cV{x) + c and 

Nt = V{Xt)-V{x)- [ ^V{Xs)ds= [ 2{{X,,BdWs)), 

Jo Jo 

so that, {N)t < Jq cV{Xs)ds. 

Thus, the proof is completed by applying Theorem roi □ 


5. Example of statistical application 

Let Xt (G R) be a diffusion process: dXt = —OXtdt + dWt, subject to a fixed 
Xq. The parameter 9 G (0, 00 ) is unknown and is evaluated with help of well known 
estimate 


Ot = 


fo X,dXs 

Hx^sds 


t > 0 . 


It is well known that the CLT holds for the family [Vi{9 — 9t))^^^ with a limit: 
zero mean Gaussian random variable with the variance 29. 

In this section, we show that 9 — 9t possesses an asymptotic (in t —> 00 ) in the 
MDP scale, | < k < I, that is, the family (t^~'^{9 — 9t))^^^ obeys (£», J)-MDP 
with J{Y) = The use of some details from the proof of Theorem l,'L4l enables 
to claim that (4 /g[Xg — ^]ds)t^ao is negligible in p-MDP scale. Therefore, the 
family {t^~'^{9 — 9t))^^^ shares the MDP with (-A 29XsdWs) Further, the 
announced MDP hold if (ii) from Theorem 12.1 l is valid: 


lim logg(t)pf [ [4:9^Xg—Q]ds > te) 

:^oo \ jp y 


> te = — 00 . 


(5.1) 
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Obviously, Q = 29 and the validity of is verified with the help of arguments 
used in the proof of Theorem El 

In particular, this MDP and the contraction Varadhan’s principle, for sufficiently 
large t provide 

Appendix A. Exponential negligibility of functionals and 

MARTINGALES 

Let Xt be a diffusion process defined in 03 with Aq = X. 

Assume V(x) : ^ R+, with lim|| 3 .||^oo E(x) = oo, belongs to the range of 

definition of Introduce a martingale relative to 

Nt = V{Xt) - Vix) - [ ^V{Xs)ds. (A.l) 

Jo 

Theorem A.l. Assume 

1 ) . 5 ?!^ < + c,3£>0 

2) {N)t < /g c(l + V^{X,))ds, 3 t<£. 

Then, for any e > 0 and sufficiently large number n 

^lim Q{f) log P(y{Xt) > = —oo, 

^lim p(t)logP^ J V^{Xg)ds > tn'^ = —oo. 

over a; G R'^. 

Corollary 1. lim g(t) logP(V{Xt) > t^e) = —oo, since > 1. 

Remark 2. The statements of Theorem ro remain valid if constants c, c, c, in¬ 
volved in 1) and 2) depend on e. 

Theorem A. 2. Let Mi(e R, Mq = 0) be a continuous martingale. 

Then, for any e > 0, 

^lim p(t) logP(|Mi| > te) = —oo 
provided that, under sufficiently large number n depending on e, 

^lim p(t) logP((M)t > tn) = —oo. 

The proof of Theorem, \A.1\ With A G R, and the (continuous) martingale Nt from 
(lA.lll . we introduce a positive random process 3 t(A) = xt is well 

known and easily verified with the help of Ito’s formula that ( 3 t(A), is a 

positive local martingale. Moreover, by Problem 1.4.4, m, it is a supermartingale 
too. We shall use the supermartingale property: Eit{X) < P 3 o(A) = 1 over t G R+. 
Denote by 

Sli = {V{Xt) > and Sis = 

The use of P 3 t(A) < 1 provides 

l>P/ 2 iJt(A), z = l,2 (A.2) 

Notice that foil remains valid with 3 t(A) replaced by its lower bound on 21^. We 
proceed the proof by finding appropriate deterministic (!) lower bounds. Write 

XNt-0.5X'^{N)t = X 


(viXt) - Vix) -j: .^ViXs)di 


s - 


V^iXs)ds > tn}. 


0.5X^N)t. 
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Thence, in view of 1) and 2), with A > 0 we get 

XNt - 0.5X^N)t > x(v{Xt) - V{x) + ^ [cV\X,) - c]ds) 

-0.5A^/ c(l + V^X,))ds. 

Jo 

Taking into account 1 + V'^{Xs) < 2 + F^(Xs), provided by r < I, and choosing 
A° = argmax;^>Q [cA — 0.5cA^] = |, we get 

X°Nt-0.b{X°f{N)t>-[V{Xt)-V{x)\-t-[c + c] + ^ [ V\Xs)ds 

C C ZC 7g 

^{<i[t^^e-V{x)\-t!^[c + cl overall, 
-\-^V{x)-tl[c + c] + ^Jn, over 212 . 

These lower bounds jointly with (IA.2II provide 


p(t)logP(2li) <-^ 


te - 


_|_ ^2(1 k) £ gj ^ Q.^gj. 2^^ 


p(t)logP( 2 t 2 ) < + over 212 


□ 


The proof of Theorem } A Notice that only 

^lim g{t) logP(|Mt| > te, {M)t < tn) = —oo (A.3) 

is required to be proved. Moreover, it suffices to prove only 

lim g{t) log P{Mt > te, {M)t < tn) = —oo (A.4) 

owing to a version with —Mt is verified similarly and both “zLMt” provide 

For (IA.4II verification, we use the inequality from (IA.2II with A > 0 and Nt, {N)t 
replaced by Mt, {M)t respectively and 2li replaced by 

21 = {Mt > te, {M)t < tn} 

and notice that 

£2 

log 3 t(A) = AA/t — 0.5A^(M)t > Ate — O.SA^tn > minlAte — 0.5A^tn) = f—. 

A>o 2 n 

over 21 

Then, owing to 1 > e*^EI<^, we get p(t)logP(2l) < —oo. □ 
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